A Bethe Ansatz solution of the open spin-1 2 XXZ quantum spin chain with nondiagonal boundary terms has recently been proposed. Using a numerical procedure developed by McCoy et al., we find significant evidence that this solution can yield the complete set of eigenvalues for generic values of the bulk and boundary parameters satisfying one linear relation. Moreover, our results suggest that this solution is practical for investigating the ground state of this model in the thermodynamic limit.
Introduction
The Bethe Ansatz solution of the open spin- 1 2 XXZ quantum spin chain with diagonal boundary terms has long been known [1, 2] . However, the case of nondiagonal boundary terms [3] has resisted solution for many years (see, e.g., [4] ). A Bethe Ansatz solution for the latter case has recently been proposed in [5, 6] (see also [7] ). In terms of the parameters introduced there, the Hamiltonian is given by where σ x , σ y , σ z are the usual Pauli matrices, η is the bulk anisotropy parameter, α ± , β ± , θ ± are boundary parameters, and N is the number of spins. An unusual feature of this Bethe Ansatz solution is that the boundary parameters must satisfy the linear relation
where k is an even integer if N is odd, and is an odd integer if N is even. 1 The energy eigenvalues are given by [6] E = sinh where the Bethe roots {u j } satisfy the Bethe Ansatz equations
where h(u) is given by 2 h(u) = − sinh 2N (u + η) sinh(2u + 2η) sinh(2u + η) × 4 sinh(u + α − ) cosh(u + β − ) sinh(u + α + ) cosh(u + β + ) , (1.5) and Q(u) is given by
sinh(u − u j ) sinh(u + u j + η) , (1.6) which satisfies Q(u) = Q(−u − η). The Bethe Ansatz equations assume a more symmetric form if expressed in terms of the shifted Bethe roots
Another unusual feature of this solution is that the number M of Bethe roots is fixed for given values of N and k (similar to the case of the XYZ chain), and is given by 8) where k is the integer appearing in (1.2).
Several important issues were left unresolved in [6] . In particular, the Bethe Ansatz solution was obtained for the specific values of the anisotropy parameter η = iπ/2 , iπ/4 , . . . (for which q = e η equals certain roots of unity). The solution was conjectured to hold for generic values of η, but little direct evidence was given. Also, because the value of the integer k in the constraint (1.2) is tied to the number of Bethe roots through (1.8), it is evident that the requirement of completeness should restrict the value of k. However, the problem of determining those restrictions remained unsolved.
The purpose of this article is to address these and related questions. From numerical studies of chains with sizes up to N = 7, we find significant evidence that the Bethe Ansatz solution indeed holds for generic values of η. In particular, for generic values of both bulk and boundary parameters, the Bethe Ansatz solution yields the complete set of 2 N eigenvalues when k = N + 1 (i.e., M = N). While it is gratifying to obtain all the eigenvalues, this result is also disappointing, as it is impractical to satisfy the constraint (1.2) with k = N + 1 in the thermodynamic (N → ∞) limit. However, in practice one is interested primarily in the lowest-lying levels; and we find significant evidence that the Bethe Ansatz solution yields the ground state energy with just k = 1 (i.e., M = (N − 1)) for N odd. We also investigate the special case
considered in [5] , and find evidence that the Bethe Ansatz solution gives the complete set of eigenvalues with k = 0.
The outline of this article is as follows. In Section 2, we consider the Bethe Ansatz solution for generic values of both bulk and boundary parameters. We describe an ingenious procedure, which was pioneered by Barry McCoy and his collaborators, for addressing the problem of completeness; and we present the results we have obtained using this procedure. In Section 3 we consider the special case (1.9). We conclude with a summary of our main results in Section 4.
Generic case
We begin by addressing the following question: given a value of N, what value of k is needed to obtain from the Bethe Ansatz solution (1. Such questions of completeness are notoriously difficult to address, even numerically. Indeed, since there is no known systematic way of solving Bethe Ansatz equations, it is not possible to decide unequivocally when one has found all the solutions of those equations. Fortunately, there does exist a systematic method, exploited by McCoy and his collaborators (see, e.g. [9, 10] ), of determining the Bethe roots corresponding to a given eigenvalue. Since, for small values of N, the eigenvalues can be computed by direct diagonalization, this method can be used to determine whether the Bethe Ansatz solution reproduces all the known eigenvalues. (Since in this approach one does not actually "solve" the Bethe Ansatz equations, the possibility remains open that those equations may admit additional solutions which do not correspond to actual eigenvalues. We shall return to this point later in Section 2.3.)
This method, to which we refer as 'McCoy's method', actually makes use of the full transfer matrix of the model, rather than the Hamiltonian. Hence, we now briefly review its construction.
Transfer matrix
The transfer matrix for the open chain (1.1) is constructed according to Sklyanin's recipe [2] from the R matrix
and the 2 × 2 nondiagonal matrices K ∓ (u) whose components are given by [3, 11] 
and
The matrices K ∓ (u) are equal to those appearing in [6] divided by the factors κ ∓ , respectively.
This leads to the rescaling of the transfer matrix already mentioned in Footnote 2.
The transfer matrix t(u) is given by [2] 
where the monodromy matrices are given by
and tr 0 denotes trace over the "auxiliary space" 0. The transfer matrix has the important commutativity property 6) and it "contains" the Hamiltonian (1.1),
where 8) and I is the identity matrix. According to the Bethe Ansatz solution [6] , the eigenvalues Λ(u) of the transfer matrix are given by
where h(u) and Q(u) are given by (1.5) and (1.6), respectively. The formula (1.3) for the energy eigenvalues follows directly from (2.7) -(2.9).
McCoy's method
To implement McCoy's method, it is more convenient to work with the spectral parameter x ≡ e u and the anisotropy parameter q ≡ e η . We denote by t(x) the transfer matrix expressed in terms of x, and similarly for other quantities.
McCoy's method consists of four steps:
Fixing an arbitrary value x 0 of the spectral parameter, compute numerically the eigenvectors |Λ of the transfer matrix t(x 0 ). Due to the commutativity property of the transfer matrix, the eigenvectors do not depend on the spectral parameter.
2. Determine the eigenvalues Λ(x) by acting with t(x) on the eigenvectors |Λ . Due to the commutativity property of the transfer matrix, these eigenvalues are Laurent polynomials in x.
, and determine the coefficients {b k } from the relation (2.9), i.e., Λ(x)Q(x) = h(x)Q(
4. Factor the polynomials Q(x), whose zeros x j are the sought-after Bethe roots.
Below we present the results that we have obtained using this method. We discuss separately the "massless" regime (η is purely imaginary) and the "massive" regime (η is purely real).
Massless regime
For the case that the bulk anisotropy parameter η is purely imaginary, the transfer matrix is generally not Hermitian. Hence, in principle, it may have fewer than 2 N eigenvectors.
Nevertheless, if the boundary parameters are suitably restricted, the transfer matrix can be shown to be a normal matrix, i.e., 10) which implies that it is unitarily diagonalizable. Indeed, treating the spectral parameter u as real, it is easy to see that the R matrix (2.1) satisfies R(u) † = −R(−u). Let us now restrict the boundary parameters so that
The K matrices (2.2), (2.3) then obey similar relations
. It follows that the transfer matrix obeys the simple relation
Combining this result with the commutativity relation (2.6) immediately yields the desired result (2.10). Moreover, the conditions (2.11) for the boundary parameters imply that the Hamiltonian (1.1) is Hermitian.
In the numerical work which we present below, the values of the bulk and boundary parameters are chosen as follows:
This set of values satisfies the constraint (1.2) for any value of k, as well as (2.11). Table 1 shows, for values of N ranging from 0 to 4, all the 2 N energy eigenvalues and the corresponding shifted Bethe roots. Our main observation is that, for each value of N, the corresponding value of k is equal to N + 1. (We obtained similar results for up to N = 7, but we do not present the data here.) For k > N + 1, the Bethe Ansatz also yields all 2 N energy eigenvalues. But for 1 − N ≤ k < N + 1, the Bethe Ansatz does not yield all 2 N energy eigenvalues. 5 In other words, the minimum value of k for which the Bethe Ansatz reproduces all the eigenvalues is k = N + 1. We have observed this numerically for the choice 5 For the "missing" eigenvalues (i.e., those eigenvalues of the transfer matrix which are not given by the Bethe Ansatz solution), step 3 of McCoy's method fails: for such eigenvalues Λ(x), there are no appropriate polynomials Q(x) which satisfy Λ(x)Q(x) = h(x)Q(
of parameters (2.13) with values of N up to 7, and we conjecture that it is true for generic values of the boundary parameters for all N.
We further conjecture that for k > N + 1, the Bethe Ansatz equations (6) admit extraneous solutions, which do not correspond to eigenvalues of the transfer matrix. We have verified this numerically for N = 0 with k = 3. Indeed, with the choice of boundary parameters (2.13), we find for this case not only the Bethe rootũ = 0.690849 + 1.5708i which corresponds to the (single) transfer matrix eigenvalue, but also an additional solution of the Bethe Ansatz equationũ = 1.4208i which does not correspond to this eigenvalue. As emphasized in the beginning of Section 2, it is difficult to hunt for solutions of Bethe Ansatz equations, especially for higher values of N and M.
Assuming that these two conjectures are correct, it follows that the Bethe Ansatz yields all 2 N eigenvalues and no extraneous solutions for precisely k = N + 1. While it is gratifying to obtain all the eigenvalues, this result is also disappointing, since the constraint (1.2) then implies that the imaginary parts of the boundary parameters should grow linearly with N.
Ground state
Although a high value of k is required to obtain all the energy levels (namely, k = N + 1), we find that the ground-state energy can be obtained with a much lower value of k. Indeed, using the parameter values (2.13), we performed a search for the minimum value of k (for a given value of N) where the Bethe Ansatz reproduces the ground-state energy, up to N = 7.
Our results are summarized in Table 2 , which gives in addition to the value of k also the ground-state energy and the corresponding Bethe roots. Our main observation here is that k = 0 for N odd, and k = 1 for N even. We conjecture that this result is true for generic values of the boundary parameters for all N. If correct, then the Bethe Ansatz is practical for investigating the ground state in the thermodynamic limit.
We also observe from Table 2 that the shifted Bethe roots are real for the ground state, as is also the case for the closed XXZ chain with periodic boundary conditions. (For higher values of k, the shifted Bethe roots for the ground state are either real or have imaginary parts iπ/2, as can be seen from Table 1 .) Finally, we remark that our numerical results suggest that the Bethe Ansatz correctly yields 2 N −1 eigenvalues for k = 0 (N odd), and 2
eigenvalues for k = 1 (N even). 6 In formulating the latter conjecture, which we have checked up to N = 8, a useful reference was [12] .
Massive regime
For the case that η is purely real, we choose θ ∓ = 0 and the remaining boundary parameters to be real, thereby making the transfer matrix manifestly Hermitian. In particular, for the numerical work presented below, we take the values η = 0.3 , α + = 0.75 , β + = −1.2 , θ + = 0 ,
which satisfy the constraint (1.2) for any value of k.
Our results for the massive regime are very similar to those for the massless regime. Indeed, consider Table 3 , which shows all the 2 N energy eigenvalues and the corresponding
Bethe roots for values of N ranging from 0 to 4. As in the massless case, the minimum value of k for which the Bethe Ansatz reproduces all the eigenvalues is k = N + 1. (We obtained similar results for N = 5. For larger values of N, roundoff errors become significant.) Moreover, as shown in Table 4 , the Bethe Ansatz reproduces the ground state energy for k = 0 for N odd, and k = 1 for N even. The corresponding shifted Bethe roots are purely imaginary.
Special case
We now turn to the special case (1.9), which was first considered in [5] . In this case, the boundary terms of the Hamiltonian (1.1) reduce to
We first argue that for this case all the energy eigenvalues are 2-fold degenerate. Indeed, it is easy to see that the Hamiltonian commutes with the operator U defined by
where C is the "charge conjugation" operator
7 A similar symmetry operator was invoked in [13] to argue that an open chain with diagonal boundary terms has a two-fold degenerate spectrum for N odd. There the argument is simpler, since in that case the Hamiltonian also commutes with S z , while U and S z anticommute.
which satisfies C † = C and C 2 = 1; and P is the "parity" operator [14] , which satisfies
as well as P † = P and P 2 = 1. It follows that also U is Hermitian and squares to 1. Hence, U has eigenvalues ±1. For N odd, U has an equal number of +1 and −1 eigenvalues. 8 It follows that all energy eigenvalues are 2-fold degenerate. In fact, since U commutes with the full transfer matrix t(u), all the eigenvalues Λ(u) are 2-fold degenerate.
Since for this case there are generally only 2 N −1 distinct eigenvalues, one expects that all of these eigenvalues can be reproduced by the Bethe Ansatz with a value of k < N + 1. Indeed, as shown in Table 5 , we find significant evidence which supports the conjecture that the complete set of 2 N −1 eigenvalues is obtained for k = 0 (i.e., M = • For generic values of the bulk and boundary parameters satisfying (1.2), the solution yields the complete set of 2 N eigenvalues for k = N + 1 (i.e., M = N).
• The solution yields the ground state energy for k = 1 (i.e., M = (N − 1)) when N is odd. In the massless regime, the shifted Bethe roots corresponding to these states are real.
• In the special case (1.9) where the spectrum is 2-fold degenerate, the Bethe Ansatz solution yields the complete set of 2 N −1 eigenvalues for k = 0 (i.e., M = These results suggest that the Bethe Ansatz solution is both valid and practical for investigating the ground state (and presumably, also low-lying excited states) of the model 8 To prove this, it suffices to show that the trace of U is zero. For N odd, the parity operator leaves the "middle" spin at site (1.1) in the thermodynamic limit. In particular, these results provide justification for the computations in [15] of the thermodynamic limit for the special case (1.9), and clear the way for analogous computations in the general case. We stress, however, that this model has many parameters, other ranges of which remain to be explored. In [1] (to which we refer hereafter by I), we find significant numerical evidence that for the open XXZ quantum spin chain Hamiltonian (I1.1) with bulk and boundary parameters satisfying the constraint (I1.2) Indeed, consider the following two expressions, distinguished by ±, for the eigenvalues of the transfer matrix (I2.4):
where h ± (u) are given by
and Q ± (u) are given by
where
The corresponding Bethe Ansatz equations are
The Bethe Ansatz solution considered earlier [2, 1] corresponds to the above expressions with the plus (+) sign.
We conjecture that for a given set of bulk and boundary parameters satisfying (1) with |k| ≤ N + 1 and k odd (even) for N even (odd), the eigenvalues Λ + (u) and Λ − (u) together give the complete set of eigenvalues of the transfer matrix. That is, for k = N + 1, all the eigenvalues are given by Λ + (u) (as found in I); for k = −(N + 1), all the eigenvalues are given by Λ − (u); and for −(N + 1) < k < N + 1, both Λ + (u) and Λ − (u) are needed to obtain the complete set of eigenvalues.
This conjecture is supported by significant numerical evidence, obtained (as in I) using 'McCoy's method'. For instance, for N = 6 and k = 1, we find that 42 eigenvalues are given by Λ + (u) and 22 eigenvalues are given by Λ − (u); together, they give the complete set of 2 6 = 64 eigenvalues. .
